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ON BROWN-YORK MASS AND COMPACTLY CONFORMAL 
DEFORMATIONS OF SCALAR CURVATURE 


WEI YUAN 

Abstract. In this article, we found a connection between Brown-York mass and the first 
Dirichlet Eigenvalue of a Schrodingier type operator. In particular, we proved a local positive 
mass type theorem for metrics conformal to the background one with suitable presumptions. 
As applications, we investigated compactly conformal deformations which either increase or 
decrease scalar curvature. We found local conformal rigidity phenomena occur in both 
cases for small domains and as for manifolds with nonpositive scalar curvature it is even 
more rigid in particular. On the other hand, such deformations exist for closed manifolds 
with positive scalar curvature. We also constructed such kind of deformations on a type 
of product manifolds that either increase or decrease their scalar curvature compactly and 
conformally. These results together answered a natural question arises in HHH]. 


1. Introduction 

One of the most important results in differential geometry during the passed decades is 
the Positive Mass Theorem proved by Schoen and Yau ( |25l [26] ) and Witten ([29]) in 1980s. 
It has been a source of inspiration of many interesting works since it appeared. Among these 
works, rigidity concerning deformations with nondecreasing scalar curvature is one of the 
central topics. 

In fact, before Positive Mass Theorem was proved, Fischer and Marsden had proved a 
rigidity result for perturbations of flat metrics on closed manifolds in 1975 ([I5]). As for 
domains, it was observed by Miao that Positive Mass Theorem implies the rigidity of unit 
Euclidean ball with respect to deformations of nondecreasing scalar curvature inside and 
mean curvature on the boundary, provided the induced metric on the boundary is spherical. 
Around the same time, Shi and Tam showed that this rigidity holds for any convex domain 
in the Euclidean space. In fact, they proved that for such a domain its Brown-York mass is 
nonnegative and vanishes if and only it is Euclidean f|27j). 

An alternative way to generalize the rigidity part of Positive Mass Theorem was done 
by Min-Oo. He proved a similar rigidity result for strongly asymptotically hyperbolic spin 
manifold in 1989 ([20]) . As a quick corollary, it implies that any compact deformation of 
hyperbolic metric, which keeps the scalar curvature nondecreasing has to be isometric to the 
canonical hyperbolic metric. In fact, the strong asymptotically hyperbolic presumption in 

Key words and phrases. Brown-York mass, compactly conformal deformation, nondecreasing scalar cur¬ 
vature, nonincreasing scalar curvature, rigidity. 

This work is support by NSE grant DMS-1005295 and DMS-1303543. 

1 



Min-Oo’s result can be reduced to a weaker one due to Andersson and Dahl’s work ([Tj). 

Motivated by the rigidity part of Positive Mass Theorem and its analogue in the asymp¬ 
totically hyperbolic setting, Min-Oo proposed the following conjecture in 1995. 

Conjecture 1.1 (Min-Oo [21]). For n > 2, suppose 5 ^ is a smooth metric on the upper 
hemisphere S'”, which satisfies the following properties, 

• Rig) > “ 1 ) 

• 9 sn—i 

• 5S'” is totally geodesic with respect to g. 

Then (S'”,^') is isometric to the canonical upper hemisphere. 

In dimension 2, the classic theorem of Toponogov shows Min-Oo’s conjecture is actually 
true. As for higher dimensions, when restricted in the conformal class of the canonical spher¬ 
ical metric. Hang and Wang gave an affirmative answer to the conjecture in 2006 ([16]). In 
fact, their result is sharp in the sense that if the support of the deformation contains the 
upper hemisphere strictly, then there is a conformal deformation satishes the boundary con¬ 
dition with nondecreasing scalar curvature but strictly increasing somewhere. 

Although people made many attempts trying to solve Min-Oo’s conjecture, unfortunately 
it was disproved in 2010. Brendle, Marques and Neves constructed a counter example for 
Min-Oo’s Conjecture by combining technics of perturbation and gluing (0, see also [13] for 
a generalization). 

However, when considering a geodesic ball strictly contained in upper hemisphere, Brendle 
and Marques showed that rigidity phenomena do occur if the size of the geodesic ball is less 
than a certain number and the metric is not far away from the canonical spherical one ([S]). 
(For an improvement of the size of the geodesic ball, see [11]). We refer the excellent survey 
article [3] for those who are interested in the history of Min-Oo conjecture. 

Inspired by [5], Qing and the author generalized above rigidity result to generic vacuum 
static spaces ([23]). This is in fact a sharp rigidity result due to Corvino’s work on the sta¬ 
bility of non-vacuum static domains (0)- For a detailed discussion of vacuum static spaces, 
please see [22]. 

When restricted in conformal deformations, Qing and the author achieved a sharp rigidity 
result for vacuum static spaces with positive scalar curvature (c.f. [23]), which generalized 
Hang and Wang’s work in |16] on upper hemisphere. On the other hand, motivated by a 
question proposed by Escobar m), Barbosa, Mirandola and Vitorio found an elegant in¬ 
tegral identity and with the aid of which they proved the rigidity part independently in a 
more general setting m )- ) 

On the other hand, as a comparison, it would be interesting to know what happens if we 
require deformations decrease scalar curvature instead of increase it as what we discussed 
previously. In fact, not many works were known with respect to this question to the best 
of the authors knowledge. Among them, Lohkamp’s result is the most well-known one (see 
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[18]). He showed that there is a generic compact deformation which decrease scalar curvature 
for an arbitrary Riemannian manifold. However, it was not clear that such a deformation 
can be realized within conformal classes or not due to Lohkamp’s proof. So we would like to 
ask the question: does such a conformal deformation exists? Moreover, we can ask similar 
questions for Corvino’s constructions (see 0). 


Before we answer these questions, we introduce the following well-known notion due to 
Brown and York (see 0171 ). For the purpose of our article, we restrict metrics in the 
conformal class of the background metric. 

Definition 1.2. For n>2, let be an n-dimensional compact Riemannian manifold 

with smooth boundary dQ. Then for any metric g G [g] on hi with ^ on dQ, the 
Brown-York mass relative to g is defined to be the quantity 

mBY{dkl,g]g) = / {H-g-Hg) da^, 

Jan 

where Hg and Hg are mean curvatures of g and g of dVt with respect to the outward normals 
respectively. 

Another notion we will used frequently is the following one: 


Definition 1.3. We denote the first Dirichlet eigenvalue of the Schrodinger type operator 


:= -A, 


on the domain hi C M as 


Ai(fi, 5 f)= inf 


^ ^ n - 1 

In Y dv-g 


v€C^(n) 932 

and 0 ^ 0 is a corresponding eigenfunction, if 

Jfg(/) = Ai(Q,g)(/). 


Note that the operator Afg appeared as the trace of L^-formal adjoint of the linearization 
of scalar curvature up to a constant (see [T5]): 

7 | = Hessg - gAg - Rtc-g : C^{M) ^ S 2 {M). 

Now we can state our main theorem as follow, which can be viewed as an analogue of Shi 
and Tam’s positive mass theorem (cf. |27jb 


Theorem 1.4. For n >2, let {M"',g) be an n-dimensional compact Riemannian manifold 
with smooth boundary. Suppose the first Dirichlet eigenvalue of FYg on M satisfies that 

Ai{M,g) > 0. 

(/) .' For any metric g+ G [g] with 

9+=9 

on dM and in addition, 

Rg+ > Rg on M, 


mBY{dM,g;g+) > 0 
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we have 




and equality holds if and only if when gj^ = g on M. 


{II): For any 6 G (0,1) and any metrie g- G [g\ with 

{n- l)6Ai{M, g)\'^ 


\\9-\\cO{M,g) < O' ■ — 

and 

on dM also in addition, 
we have 



maxM Rq 


9-=9 


Rg- "A Rg on M 


when max Rg > Q 

M ^ 

when max < 0 

M ^ 


mBY{dM,g;g_) < 0 

and equality holds if and only if when g^ = g on M. 

Remark 1.5. When g is flat and g is asymptotically flat, the presumption 

Rg>Rg = ^ 

is usually referred as Dominant Energy Condition in general relativity. 


If the diameter of the manifold is sufficiently small, the first eigenvalue of Laplacian can 
be sufficiently large. Hence the above theorem always holds on a sufficiently small domain 
in an arbitrary Riemannian manifold: 

Corollary 1.6. For n > 2, let {M‘^,g) be an n-dimensional Riemannian manifold. For any 
p G M, there exists an tq > 0, such that for any domain Q <Z M contains p with C Brf,{p), 
the metric g G [g] is a conformal deformation of g supported in which satisfies either 

^9 — ^9 


or 

^9 — ^9 

with \ \g — g\\co{M,g) sufficiently small on M. Then we have g = g on M. In particular, this 
implies that g is an isolated solution of the problem 

( R{g) = Rg 
I 9 ^[g] 

[ supp{g -g)^D, 

if the diameter of is sufficiently small. 


This corollary shows that in particular there is no conformal perturbation increase or de¬ 
crease scalar curvature with sufficiently small support. It suggests that deformations result 
in [9l [18] is sharp in the sense that the generic deformations out of conformal classes are 
necessary. 


Another interesting conclusion is that Brown-York mass behave perfect on manifolds with 
nonpositive scalar curvature, which suggests that they are much more rigid in terms of 
compactly conformal deformations. 
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Corollary 1.7. For n > 2, let {M,g) be a Riemannian manifold with scalar curvature 
Rg < t). Then for any compactly contained domain Q ^ M and any metric g G [g] on 
with 


9 = 9 


on dQ. 

(/).' Suppose 

then 

(//).' Suppose 
then 


Rg > Rg on 12 , 


mBY{dQ,g-,g) > 0 . 


Rg < Rg on 12 , 


mBY{dQ,g]g) < 0 . 


In either case, the equality holds if and only g = g on Vt. 

In particular, these imply that g = g is the unique solution to the following problem 


( R{g) = Rg 

I 9 e[g] 

[ supp{g -g)cn. 


It is natural to ask what happens to manifolds with positive scalar curvature? We have 
already known that if the domain is sufficiently small, rigidity phenomena occur. So it is 
interesting to investigate the phenomena in large domains. In fact, we have the following 
deformation result, which suggests that the vanishing of Brown-York mass won’t imply the 
conformal rigidity as it does previously: 


Theorem 1.8. For n > 2, let {M,g) be a Riemannian manifold with scalar curvature 
Rg > 0. Suppose there exists a compactly contained domain 12 C M with the first Dirichlet 
eigenvalue of F^g satisfies that 

Ai(12,^) < 0. 

Then there are smooth metrics g+,g- G [g] such that 

supp {g - g+), supp {g - fif.) C 12 
and scalar curvatures satisfy that 

^ 9 + — ^3 

and 

Rg- Y Rg 

with strict inequality holding inside 12 respectively. 


If the manifold is closed, such domains always exists. Hence we can always have the 
following deformation result: 
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Corollary 1.9. Forn > 2, let {M,g) be a closed Riemannian manifold with scalar curvature 
Rg > 0. Then there is a compactly contained domain C M and smooth metrics g+, g- G [g] 
such that 

supp {g - g+), supp {g - g_) C Tl 
and scalar curvatures satisfy that 

^g+ — 

and 

Rg. — ^g 

respectively with strict inequality holding inside fl. 

However, if the manifold {M,g) is complete but noncompact, whether the positivity of 
scalar curvatures implies the existence of such domains is not clear. But if (M, g) has 
quadratic volume growth, such domains do exists and thus we have the following deformation 
result; 

Corollary 1.10. For n > 2, let {M,g) be a complete noncompact Riemannian manifold 
with scalar curvature Rg > Q > t), where Q is a positive constant. Suppose that (M, g) has 
quadratic volume growth, then there is a compactly contained domain fl (Z M and smooth 
metrics g+,g- G [g] such that 

supp [g - g+), supp {g - g_) C Tl 

and scalar curvatures satisfy that 

^g+ — ^g 

and 

Rg- — Rg 

respectively with strict inequality holding inside 12. 

Finally, we would like to discuss the subtle issue of domains which has critical eigenvalue 

Ri{9.,g) = 0 

briefly. According to P], in order to get rigidity we only need to assume g = g on dVt and 
Rg > Rg on 12, which means the Brown-York mass can only be vanished in this case and we 
won’t get its positivity. But it is not clear right now whether the same phenomena appear 
when we assume scalar curvature nonincreasing instead and we hope to address this issue in 
the future. 

The article is organized as follow: Section 2 is mainly about the discussion of Brown-York 
mass and conformal rigidity where Theorem ll.41 Corollary II . 61 and II . 71 will be proved; Section 
3 is devoted to the construction of conformal deformations which suggest the rigidity fails. 

Acknowledgement. The author would like to express his deepest appreciations to Profes¬ 
sor Jie Qing for his inspiring discussions and constantly encouragements. 
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2. Brown-York mass and rigidity of compactly conformal deformations 


In this section, we will prove results associated to the Brown-York mass and investigate 
rigidity phenomena of conformally compact deformations. 

Proof of Theorem \1.4\ For g ^ [g], there exists a smooth function u such that 

{ e^'^g when n = 2 

ttn- 2 g when n > 3. 

It is well known that for n = 1 on (9M, 

{Rg — 2Agu) when n = 2 

Rg = I _ri±2 f 4(?7, — 1) . . , 

' u "-2 I RgU - ^AgU ) when n > 3 


and 


H,= 


Ha + 


Hg + 2dyU when n = 2 

2(^-1);, 

- o^u when n > 6, 

n — 2 


where u is the outward normal of dM with respect to g. 
Let 


Rg(e2“(^)-l) 


w{x) = 




2u{x) 

Rgu(x) ( u{x) -1 


when n = 2 


= "-2 7 when n > 3, 

n—1^ 6 — ’ 


u(x)—1 n—1^ ^ 

where is between 0 and u{x) when n = 2; is between 1 and u{x) when n> 3. 


mBY{dM,g;g+) < 0 ; 


Assume that for (J), 
and for {II), 

mBY{dM,g-,g_) > 0 . 

We are going to show that in both cases g+ = g- = g on M and thus the theorem follows. 


Let u+ be the smooth function for the conformal factor of g+ and U- for g^ respectively. 


We take for (/), 


and for {II) 


v{x) 


u^{x) 
m+(t) — 1 


when n = 2 
when n > 3 


v{x) 


—u_{x) 

1 — u_{x) 


when n = 2 
when n > 3. 









Thus we have 


We claim that 
on M. 


—AgV — w{x)v > 0 
u = 0 



di,v dag > 0 . 


in M 
on dM 


v{x) > 0 


Suppose not, there exists a point x E M such that 

v{x) < 0. 

For any e > 0, let be an e-extension of (M, g) along the boundary dM . That is, we 
extend g smoothly on a smooth manifold with boundary dM^ which contains the interior 
of M as an open submanifold and satishes that distg{dM, dM^) = e. 


Since Ai(M, g) > 0, for any 0 < h < 1, there exists an e > 0 small such that 

A,{M,,g)>6A,{M,g)>0. 

Let 0 be a hrst eigenfunction associated to Ai{M^,g) and from the standard theory we 
can choose 0 to be positive on M^. Take ip{x) = ^||y, then 

If = 0 

on dM and 

(p{x) < 0. 

Let xo E M he the point where f attains its minimum on M. Then we have 

-Agf{xo) < 0, Vf{xo) = 0. 


Clearly, f{xo) < 0, which would imply v{xo) < 0 and thus w(xo) < < ■^^ + 5Ai{M, g). 

This is trivial for (J) and for {II) with max^ Rg < 0; as for the case of max^^ Rg > 0, it can 
be deduced from the presumption that 


\\g-\\c°(M,g) < « 



max^w Rg 


4 

n+2 


In fact, for n > 3, v{xo) < 0 implies that 1 < < U-{xo) and thus 


R- ^ R- 

w{xo) < -^uTHxo) < 


n — 1 


n — 1 V M 


maxM_ 


^ _ Rg f \\9-\\cO{M,g) 

n — 1 \ \/n 


n — 1 


+SAi{M, g), 


where \ \g-\\co{M,g) = \/n(maxMn_)’ 


The estimate for n = 2 follows with similar calculations. 



Now at Xo, we have 

0 > -Ag(^(xo) 

= ^ (-A»“(^«) - + A.(iV4,9)) .(x„)) 

- ^ (”’*^"> ■ »0 

>--7^ (Ai(M£,^) - hAi(M,^)) i)(a;o) 

0(Xo) 

> 0 . 


Contradiction! Therefore, 

v{x) >0, Va: e M. 

On the other hand, the non-negativity of v implies that 

duv{x) < 0 

for any x G dM by Generalized Hopf’s lemma (cf. Theorem 7.3.3 in )lU)h unless v is 
identically vanishing. Thus 

/ d^v dag < 0 , 


'dM 


which contradicts to the fact 


hence n = 0 on M. i.e. 


duV dag > 0 , 


'dM 


9 = 9- 


□ 


In order to prove Corollary 11.61 we recall the following well-known fact on the estimate of 
the first eigenvalue of Laplacian. 

Lemma 2.1. (Karp-Pinsky, |17) ) For any p G M, there exist positive constants Xq and Cq 
such that the first eigenvalue of Laplacian satisfies that 

\i{Br{p),g) > 

provided r < vq. 


Proof of corollary \1.6\ Take 


Rg{x) 


A := max 

xeBi{p) n — 1 


We can choose 0 < ro < 1 such that 


Co 


Xi{Bro{p),g) > — > A, 

Cq 

due to Lemma 12.11 Clearly, 

Ai{Bro{p),g) > Xi{Bro{p),g) - A> 0 . 
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Now the conclusion follows by applying Theorem 11.41 on the geodesic ball Br^ip). □ 
We hnish this section by showing Corollary 11.71 is true. 

Proof of corollary \1.'T[ Note that if Rg < 0, then 

Ai{Q,g) > 0 

for any compactly contained domain C M. The conclusion follows automatically from 
Theorem 01 □ 


3. Non-rigidity phenomena of compactly conformal deformations 


In this section, we will construct compactly conformal deformations which suggests that 
the vanishing of Brown-York mass does not imply the conformal rigidity for large domains, 
assuming the positivity of scalar curvature. 


Let 0 be a hrst Dirichlet eigenfunction of Laplacian on In particular, we can choose 
0 > 0 on Note that, in fact dj^cf) < 0 on dVl by Generalized Hopf’s lemma (cf. Theorem 
7.3.3 in [in]). Following the idea of Lemma 20 and Proposition 21 in |5], we can construct 
metrics such that they satisfy the desired properties near dQ,\ 


Proposition 3.1. For any e > 0 sufficiently small, there are smooth metrics and on 
M such that 

f ^ Rg ^ 

\^g+ = g on M — 12 

and 

, , j Rg_ < Rg on 12 122 £ 

■ \g- = g on M- 12 , 

where 122 £ := {x G 12 : (j){x) > 2e}. 

Proof. Since dycj) 7 ^ 0 on 912, we can find an £ > 0 such that 

. 1 1 /|V0P-Ai(12,^)03-2|V0|V 

Age </> = e <#> 


> 0 , 


i.e. e •I’ is subharmonic on 12 — 122 e. 


_i _i 

For n > 3, we take w+ = 1 — e <#>, W- = 1 -|- e <#> on 12 and extend them to be constantly 

4 

1 outside domain 12. Clearly, and W- are smooth on M. Now let g+ = wfT^g and 

4 

g_ = wl~^g respectively. Then we have 

n + 2 / 4fn—If A _^ 

Rg+ = [RgW+ - ——^AgW+j > W+”-^Rg > Rg 
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and 


on f2 — Vt 2 e- 


_ n + 2 

Rg- = 



4(n — 1) 
n — 2 


A-gW- 


< Wy-^R-g < Rg 


Similar constructions work for n = 2, if we take = w'^g, g^ = w'^g respectively. □ 
Now let 

ffs := {x G : ^(x) > e} 
and choose e sufficiently small such that 

Ai{^e,g) < 0 

and let ■0 be a positive first eigenfunction of ^g on which vanishes on Shle. We will 
produce perturbed metrics as follow; 


Proposition 3.2. There are metrics gt^dt ^ [o] with 


1 


— Rg 

on 

fie 


gt = 

= g 

on 

on. 


.Hgt 

>Hg 

on 

dQe 



— Rg 

on 

fie 

(II) ■■ < 

gt -- 

= g 

on 




<Hg 

on 

dUs 


Proof. For n > 3, let gt = uf ^ g, where Ut = 1 + tip, where ip G C°°{M) and supported in 
Pt. Then 

4(n — 1) 


n+2 
■ n-2 


Rgt " Rg^t 


n — 2 


-AgUt 


— Rg 


and 


- i^-gP + ^ 

n—2 \ n—1 ) 

2{n-\) 


Hg, =Hg+ 


We take 
for (/) and 
for {II). 


p+ := -'ll; 
p_ := fj 


Then we have 

R- 

Agp+ H- A^p+ = Afgfj = Ai{n^, g)ijj < 0 

n—1 
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on and 99 + = 0 , dy(p+ > 0 on dO.e- 
Similarly, 

R- 

^ 9 ^- “I—^ ^ 
n — 1 

on f 2 and ip- = 0 , d^p- < 0 on dQ^- 


Let 

and 

where uf = l + tp+ and u~[ = 
we choose t sufficiently small. 


9t = iut)"-^9 
9i = 

1 + tp- respectively. Then they are our desired metrics, if 


For n = 2, we take = {u^Yg and gi = {u^ Y9- By similar calculation, we can see they 
satisfy (/) and {II) respectively. □ 

In order to glue metrics we derived previously, we need to match them at zero’s order hrst. 

Proposition 3.3. There are metrics gt:9i~ ^ [ 9 ] with 


and 


1 

nt 

>Rg 

on 

fie 

{!') ■■ \ 

n = 

= 9+ 

on 

dPte 



>Hg 

on 

dVte 


{ni 

<Rg 

on 

fie 

{in ■■ < 

1 9t -- 

= 9- 

on 

dPte 



<Hg 

on 

dPte 


Proof. Let gf := (1 — e and g^ := (1 + e Y''~^9t ■ Then clearly, gf = g^ and 

gf = cj- on dVte with 


1 N 4 


R^+ — (1 e e) " > ^gf — ^9 


and 


on 


R^g- - (1 + e Y < Rg- ^ R^ 


9t 9t 


As for mean curvatures. 


Hg+ = (1 - e e) Y -2 (Hg + ^^ t{-d^Y) 


> (1 -e e) 


n — 2 


2 / , 2 (n- 1 ) e i 


Hg + 


n — 2 ^ g^ 


T-i-du(p) 


= H. 


9+ 
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and 


= (1 + e (n-g- 


< (1 + e 0 r.-2 \Hg- 


n — 2 
2(n- 1) 


e e 


n — 2 -)- e s) 


Tz{-du(t)) 


= Hg_ 


on dVL^^ if we choose e > 0 sufficiently small. 


□ 


The following crucial gluing theorem (part J) was originally proved in [1]. We observed 
that it holds within conformal classes and also a similar statement (part II) holds by minor 
modihcations on the original proof. 


Theorem 3.4 (Brendle-Marques-Neves II)- Let (M, g) be a Riemannian manifold with 
boundary dM. Suppose g G [g] is another metric on M with the same induced metric on 
dM. 

Then for any 5 > 0 and any neighborhood K of dM the following two statements hold. 
{!): If Hg > Hg, then there exists a metric g G [g] such that 


{ 9 = 9 
9 = 9 

Rg > mm^(zM{Rg{x), Rg{x)} - 6 


on dM — K 

in a neighborhood of dM 
on M 


and 

{II): If Hg < Hg, then there exists a metric g G [g] such that 


{ 9 = 9 
9 = 9 

Rg < ma.yi,,(,M{Rg{x),Rg{x)] 


on dM — K 

in a neighborhood of dM 
+ h on M. 


Now we can prove the main theorem in this section. 


Proof of Theorem M.tA Applying Theorem 13.41 foi' ciny h > 0, we can glue metrics g- 
from Proposition 13.11 and gf, gf from Proposition 13.31 along dfl^ to get metrics gj' and gf 
respectively, such that 

Rg+ > min{i?^+(a;), - h 

and 


R -<max{R~-{x),Rg (a;)} + h 
3s — xeOe ^ 9t ^ y-\ /i 

on fig. In particular, we get 


I^g- < 1^9 
13 


and 









inside if we choose S sufficiently small. 


Now we take 


and 


g/ on 

g^ on M — fig 



on fig 

on M — fig. 


Clearly, and g- are smooth metrics which satisfy all requirement in the statement of 
Theorem 11.81 


□ 


Corollary 11.91 holds automatically, if we can justify the existence of a compact domain fl 
with 

< 0 . 

In fact, for closed manifolds this can be achieved with the aid of the following lemma: 


Lemma 3.5. Let {M^,g) be a closed Riemannian manifold with scalar curvature Rg > 0. 
Then for any e > 0, there exists a smooth domain fl such that Q ^ M and its first Dirichlet 
eigenvalue of Laplacian satisfies 

Xi{n,g) < e. 

In particular, we can take fl such that 


\i{Ll,g) < A, 


where A := min^^gM > 0. 


Proof. For any domain fl ^ M, we have 

Jo T dv-g 

For any p & M and any r > 0, let Br{p) and B 2 r{p) be geodesic balls around p with radii 
r and 2r respectively. 


We take fir '■= M — Br{p) and 0 < (p < 1 a smooth test function which satishes that 

{ (p = 1 on M — B 2 r{p) 

(p = 0 on Br{p) 

|V<p| < f on B 2 r{p) - Br{p). 

Then ip is supported in fl^ and we have 

lor \^T?dvg ^ 4 Volg{B2r{p)) ^ Cor^-‘^ 

p^dv-g - ■ Volg{M - B2r{p)) - Volg{M - B2r{p)) 

for r sufficiently small, where cq is a constant depends only on n. 
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Thus for n > 3, 


, , -k ^ 


Cor 


n—2 


0 , 


-Vol-giM-BM) 

as r —)■ 0 and hence we can find some tq > 0 such that for any e > 0 we have 

Ai (f^ro T 9) k S. 

As for n = 2, if M is orientable, then M is diffeomorphic to the standard sphere 5^ since 
R-g > 0. And there is a smooth function u such that = 5 ^ 52 , which is the canonical 
spherical metric on S’^. 

Let g G be the south pole and Br{q) a geodesic ball with respect to ^52 centered at q 
with radius 0 < r < tt. Take '■= 3“^ — Br{q), then for any smooth function ip G (7“(12,.), 

. Lr l^vl^dvolg ^ \V(p\^dvolg^, ^ L, \V(f\^dvolg^, 

“ In^^^dvol-g J^^ip^e^^dvolg^, “ J^^ip^dvolg^, 

where ci := is independent of r. Therefore, 


Ai(r 2 r, 5 ') < ciAi(r2r,5^52) -k 0, 

as r —)■ 0 (cf. Theorem 6 , P. 50 in | 12 )i. Hence for any c > 0, we can find an tq > 0 such 
that 

Ai (12,.p, g) < £. 

Suppose M is not orientable, then M is diffeomorphic to MP^, the real projective plane 
whose double covering S"^. Let p, g be the north and south pole of and consider the 
domain fir = — {Br{p) U Br{q)), 0 < r < | on S'^. For any e > 0, take tq > 0 sufficiently 
small such that its quotient is a domain. With similar calculations, we can find 

an To such that 

Ai( 12 ,.Q,g) k ClAi( 12^0 ) 5 ^ 52 ) ^ 

□ 


Proof of Corollary \1.9[ Let 12 C M be the domain in Lemma [3.51 with 

Ai(12,g) < A, 

where A := minj, eM > 0. Then we have 

Ai(12,g) < Ai(12,g) - A < 0. 

The conclusion follows from Theorem 11.81 □ 

And for non compact case: 

Proof of corollary \ 1.1 (A Since (M, g) has quadratic volume growth, we have the first Dirichlet 
eigenvalue of Laplacian satisfies that 

Ai(M,g) = 0 

(see Proposition 9 in | 8 ]) and it implies that for any e > 0 there is a compactly contained 
domain 12 C M with 

Ai(12,g) < e. 
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In particular, if we take e < y, we have 

< Ai(fl, (?) - Q < ~ < 0. 
Now by Theorem II.81 the corollary follows. 


□ 
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